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Abstract—Hydrodynamic forces and velocities of spheroidal particles in a simple shear flow near a solid
wall are calculated by a variant of the boundary integral equation method, combined with the use of the
reciprocal theorem for Stokes flow equations.

It is shown that the effect of the wall decreases with increasing particle nonsphericity (decreasing aspect
ratio). For long slender particles the effective distance where the wall effect is significant is measured by
several particle shorter axes. In the vicinity of the wall spheroids experience several interactions, which
do not exist for spheres. These are the lift force component perpendicular to the wall and the
corresponding rotational-translational coupling component of the resistance tensor.

The data on particle hydrodynamic interactions are used to calculate the velocities of the inertialess
spheroidal particles in a shear flow near a wall. The calculations reveal that the effect of the wall is to
create a nonzero velocity component in the direction of the normal to the wall surface. This velocity is
zero for spheroids in a free shear flow; near the wall it vanishes for spherical and, seemingly, for oblong
particles. Therefore a spheroid moving in a shear flow near the wall will perform an oscillatory motion
towards and away from the wall. The wall will retard the particle motion parallel to its surface, albeit
in a lesser extent than for spheres. In addition, spheroidal particles will perform periodic rotational motion,
as they do in an unbounded shear flow, however, with larger periods. For force components which act
on spheres, as well as on nonspherical particles the wall effect is most pronounced for particles whose
shape is close to spherical.

Several correlation formulae are proposed for the forces and torques acting on spheroids, as well as
for their friction tensor coefficients. Copyright © 1996 Elsevier Science Ltd.

Key Words: spheroidal particles, hydrodynamic resistance tensor, orientation, wall effect, lift and
retardation velocities, rotational period

1. INTRODUCTION

Hydrodynamic interactions and transport of particles in flows are governed by their shapes. This
factor significantly affects trajectories of particles moving in various flow fields under the influence
of external forces. Small micrometer and submicrometer particles oftentimes possess shapes which
significantly differ from spherical. Examples can be provided by fibrous aerosol particles generated
in wool and cotton industries, asbestos particles, which received much attention in the literature
because of their hazardous effect on human health. Other examples of nonspherical particles
include red blood cells, large polymer molecules, fractal agglomerates, etc.

Motion of nonspherical particles in an infinite fluid has been extensively studied (see, e.g. Happel
and Brenner 1983; Kim and Karrila 1991). Proximity of solid walls and/or free boundaries produce
additional difficulties in obtaining analytical solutions for forces acting on nonspherical particles
moving in viscous flows. However, in numerous industrial, technological and physiological
applications particles often move close to solid walls. To name a few one can mention motion of
aerosol particles in human and animals’ respiratory tracks, in the vicinity of wafers during VLSI
production, in sampling tubes (Ingham and Yan 1994), spectrometers and porous filters.
Liquidborne particles experience wall interactions during their motion through various narrow
constrictions, e.g. blood cells flowing in arteries; macromolecules moving in porous membranes,
etc.

This work is devoted to investigation of hydrodynamic interactions between a nonspherical
particle moving in a shear flow and a plane solid wall. The simple shear flow is met in lubrication
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bearings, moreover, its importance is generally understood in connection with various flow
situations, where the velocity distribution in the proximity to impermeable walls can be
approximated as a linear function of the normal coordinate. These are flows in turbulent and
laminar boundary layers, tubes, in the vicinity of sedimenting larger particles, etc. Generally, one
can assume a simple shear to prevail near a solid wall in calculation of particle-wall viscous
hydrodynamic interactions when the particle size a is significantly less than the dimension d of the
vessel (e.g. tube diameter, channel width), or thickness d of the dynamic boundary layer (Shapiro
and Goldenberg 1993; Bernstein and Shapiro 1994).

Theoretical analysis of particle motion in a quiescent fluid near a wall have been obtained for
spherical particle shape in semi-infinite geometries (Brenner 1961; O’Neill 1964; Goldman et al.
1967a,b) and bounded geometries (Ganatos et al. 1980). Jeffrey and Onishi (1981) considered
cylindrical particles near a plane wall. More complicated nonspherical particle geometries generally
do not allow analytical solutions. Numerical methods employed in various investigations include
distribution of Stokeselets, potential sources (Dabros 1985) and spherical singularities combined
with the collocation technique (Yuan and Wu 1987; Keh and Tseng 1994) and boundary integral
method (Hsu and Ganatos 1989; Gavze 1990b).

In this work an efficient method for calculating forces acting on particles placed in Stokes’ flow
fields is proposed. The technique is a variant of the boundary integral method used by Hsu and
Ganatos (1989) albeit modified by application of the reciprocal theorem (Happel and Brenner
1983). This procedure reduces by half the amount of computations needed by a direct application
of the boundary integral equation. This method is used for calculation of forces and torques acting
on prolate spheroidal particles located at various distances and inclined at various angles near a
wall. Explicitly, the specific goals of this study are (i) investigate the influence of nonsphericity,
characterized by the aspect ratio, on the viscous forces and torques acting on the particles fixed
near a wall; (i1) calculate the velocities of inertialess particles; and (iii) propose correlations for the
particle forces and torques. These will prove useful in various applications, including computing
particle trajectories in various flow conditions.

2. MATHEMATICAL FORMULATION

In this section we derive the set of equations determining the force and torque acting on a rigid
body suspended in a flow in the vicinity of a plane wall, and the equations for the velocities of
non-inertial particles.

2.1. Integral representation of the flow field

Let Q be a domain in the half space x; > 0 enclosed within the boundary ¥ composed of a
subdomain X, of the plane x; =0 and of £, =%, U Z., i.e. the particle’s surface Z, and the
boundary Z.. Both Z, and X, surround the particle as shown in figure 1.
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Figure 1. Schematic of a spheroidal particle moving in a shear flow near a solid wall.
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Let (V, p) be any solution of the Stokes equations in Q with the velocity components V; vanishing
on X,

v W

axi s a_x/ = Oa I/il)ll = 0, i= 17 2, 3. [la,b,C]

Then using the integral representation of the solution of Stokes equation (Ladyzhenskaya 1963)
one can express V = Ve, in the following form

V, = f Ui(x, Y)a;(V, p)n; dy — f Vioi(Us, g )(x, y)n; dy. (2]
PRI ¥

I

The second integral in the r.h.s. of [2] vanishes on X, due to the boundary condition [Ic].
In formula [2] (Us, gx) is the fundamental solution for the velocity and pressure of the Stokes
equations in the infinite unbounded space:

_ 1 5ki (xk - yk)(xi - y:)
Uki(x, Y) = 871[1 l:lx _ Y| + IX _ y|3 :|9 [33]
1 —
406 Y) = g BT [3b]

That is Uy(X, y) is the kth component of the velocity at a point x due to a unit force applied at
a point y in the jth direction. In addition, |x — y| is Euclidean distance between the points x and
y and o; is the stress tensor operator

oV,  av;
GU(V’ P) = #(ax + axj> - 6ijp’ [4]
J i

where u is the viscosity. U;(X, y) and ¢,;(Us, ¢g:) appearing in [2] are the kernels of the single- and
double-layer potentials (Ladyzhenskaya 1963), with the latter given by

o;(Us, qu) = % (xi — yf')(l): :);},IZ(xk — Vi) . 5]

Equation [2] involves integration on both X, (a subdomain of the plane x; = 0) and %,. It can
be simplified to involve only integration on Z, by introduction of the Green’s function for the half
space x; = 0 (Blake 1971). The Green’s function consists of a velocity tensor field G, (x, y) and a
pressure vector g,(X,y). The pair (G, g) satisfies the Stokes equation in the half space x; > 0 and
the boundary condition

x3=0

= (Ui + Gu)

vy =0

(Uki + Gki) =0. [6]

¥3>0 x3>0

Thus, for every V and p satisfying the Stokes equations in Q and vanishing on X, an alternative
representation is obtained with the aid of the reciprocal theorem (Happel and Brenner 1983)

Vi(x) = J [Uu(x,y) + Gu(X, Y)]e:(y)dy — J Vioy(Uk + Ge, g + gy dy (7]

I
(Gavze 1990b; Hsu and Ganatos 1989). Here ¢,(i = 1, 2, 3) given by
@i(y) = o5(V, p)n; (8]

are the stress vector components on the surface of the body. In the following we will extend the
boundary Z. to infinity, whereas X, will become the whole plane x; = 0. We consider solutions
which vanish at infinity so that the integrals over Zoo in [7] vanish. Equation [7] may be used to
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calculate the force and torque acting on a rigid body immersed in any (rather than quiescent) Stokes
flow velocity W prevailing in the half space x; > 0 (for example, shear flow).

Suppose a body is moving in the fluid with a translational velocity U? and an angular velocity
w?. Define a Stokes flow field V.(x) which satisfies the following boundary conditions

Vily=o =0, Vilg, = Ul + exw) x, — Wis, Vils, =0. 9]

The total flow accounting for the presence of the body is given by V + W. It may be shown, that
since the velocity W is the solution for the Stokes equations in the half space x; > 0, it does not
contribute to the force and torque, acting on the body. When x in [7] tends to the boundary Z,,
the following equation is obtained for ¢; due to the discontinuity of the double layer potential
(Ladyzhenskaya 1963)

Vi(x) = J [Ui(x,y) + Gu(X, Y)]@:(y)dy — J Viei(Us + Gk, g« + ge)n; dy. [10]

Ly

Equation [10] is a Fredholm integral equation of the first kind for the unknown stresses ;. The
velocity V: on X, is given in [9]. In the above notation n is the outer normal to Q, i.e. the inner
normal to the body so that ¢, are the stresses that the body exerts upon the fluid.

Equation [10] was used by Hsu ez a/. (1989). It requires the computation of the two integrals
in the r.h.s. of [10].

2.2. The reciprocal theorem method (r.t.m.)

The reciprocal theorem enables to apply an alternative procedure in which only computation
of the single layer potential is needed. The method is based on the choice of some basic flow fields
and application of the reciprocal theorem on these fields and the field V [9] (Karrila and Kim 1989;
Gavze 1990a).

Define the “‘basic solutions” (V¥, p*) and (W¥, ¢*) which satisfy the Stokes equations [1] in Q,
subject to the following boundary conditions

VHZ,,:5I/\'> VH.Y;:0=O, VHZX =03 [lla]

Wﬂzp = 6:’/15/(,-)(/ = €1 X1, Wﬂx;:o =0, WHEI =0. [1 lb]

(V%, p¥) is the flow field caused by the translation of the particles in the kth direction in a quiet
fluid, (W%, ¢*) is the flow field caused by its rotation in the kth direction. In the following we will
denote the stresses on Z, by

¢ = a;(V¥, Pk)"/|2p, Yl = o;(W-, qk)nf|>:p» [12]

where ¢f, f are the ith component of the stress due to translation and rotation in the kth direction,
respectively.

Define the translation, coupling and rotation tensors, K, C, £ in the same way as for an
unbounded fluid (Happel and Brenner 1973), with the exception that in the present circumstances
they depend on the particle’s distance from the wall and its orientation

Ki= — J of dy, [13a]
zP
Cik = - ErmlJ‘ ym¢;{ dy = — J\ lpl’( dya [13b]
z, Zp

Qu= - J eyl dy. [13c]
Xp
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K and © are symmetric tensors, which property and the equality between the two expressions
of Cy in [13b] follow from the reciprocal theorem (Happel and Brenner 1983).

We will further provide expressions for the force and the torque acting on a particle placed in
an arbitrary Stokes’ flow, the velocity of which vanishes on x; = 0. Applying the reciprocal theorem
to the flow velocities V; and V¥ given by [9] and [11a], respectively, we get

J Vig;(VE, pon; dy = J Vie;(V, p)n; dy. [14]
zp zp

After substitution of the boundary conditions [11], [9] the r.h.s. of [14] yields the force component
Je

f Vie,(V, p)n; dy = 64 J o, (V, p)n; dy = fi,
zp

%

and the Lh.s. will be
J Viey(Von, dy = f (=Wi+ U + €m@iyn)@i dy = — J Wi dy — UK — 0] Cy.
Zp Zp Ip
Therefore, the force exerted on the body is given by
fim = [ wetay— vk ot (15
Zp
In the same manner we get the expression for the torque components
= — J Wbk dy — UCli — Q. [16]
Ip

A more general version of these relations, valid for unsteady flows in an unbounded fluid is given
in Gavze (1990a). Equations [13], [15] and [16] show that the only unknown in the expressions for
Jf« and . are the surface stresses of the six basic solutions [11]. These stresses may be obtained by
solving integral equation [10]. Basing on the discontinuity of the double layer potential
(Ladyzhenskaya 1963) it may be easily shown that for x € Q the double layer potential term, i.e.
the second integral in the r.h.s. of [7], vanishes for any solution (V, p) which on the particle surface
X, yields the rigid body velocity. In particular, it vanishes upon substituting (V*, p*) and (W¥, ¢*)
in place of (V, p). Using this and the continuity of the single layer potential one can pass to the
limit x — X, to obtain the following set of equations for ¢! and y*

Vils, = 6u = j [Us(x,y) + Gy(x, Yo/ dy xeZ,, [17a]
zP
WH}:,, = €Xp = J [Uix,y) + Gi(x, Yy dy xeZ,. [17b]
2P

Further we will change the notation of the Cartesian components (xy, x,, x3) — (x, y, z) and of the
velocity components (41, us, w2) — (4, w, w).

2.3. Numerical solution

Calculations were performed for prolate spheroids, whose axes of symmetry lie in the x—z plane.
Denote by 8 the angle between the particle’s symmetry axis and the z-axis (see figure 1). The surface
of the particle was divided into elements, each of which consists of several flat triangles which have
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Table 1. Comparison between numerical and analytical results of Jeffery
(1922) for spheroids in a shear flow far from the wall 6§ = 0.25n

F./ucsz F:/ucsz T./ucs
alc Numer. Analyt. Numer. Analyt. Numer. Analyt.
0.1 6.055 6.088 —1.088 — 1.098 1.661 1.680
0.2 7.798 7.834 —1.106 —1.105 2310 2.333
0.35 10.027  10.079 —1.002 —0.999  3.361 3.398
0.5 12.105 12172 —0.827 —0.825 4.670 4.728
0.7 14789 14872 —0.530 —0.529  7.026 7.124
0.8 16.113 16.204 —0.363 —0.362  8.536 8.660
0.9 17432 17.529 —-0.186 —0.185 10.309  10.464
0.95 18.089  18.190 —0.095 —0.094 11304 11.476
0.99 18.614  18.718 —0.021 -—-0.019 12.155 12.342
0.9999 18.744  18.848 —0.002 —0.000 12373  12.564
0.999999 18.747  18.850 —0.000 —0.000 12.434 12.567

their vertices on the actual surface of the body. In the present case we used 1200 triangles
comprising 312 elements. The Galerkin method was used to solve [17a,b] with constant base
functions. System [17] reduces to a finite set of algebraic equations of the form

U+Glég=V° [18]

for the unknown vector ¢, with the latter and the matrices U,G being discrete forms of their
corresponding continuous counterparts, appearing in [17] and V° standing either for V* or W*
(k = 1,2, 3). The matrix U + G is symmetric positive definite, and, therefore, system [18] may be
solved by any standard computational procedure, even though, the matrix condition number is
normally large (Gerald and Wheatley 1989). The matrix U corresponds to the particle’s motion
in an unbounded fluid and has, therefore, to be calculated only once. The matrix G depends on
the location and orientation relative to the plane z = 0. Most of the computation time is spent on
constructing the matrix G; therefore, the use of [17] instead of [10] saves approximately 50% of
the computation time. A more detailed description of the discretization of the equations is given
in Gavze (1990b).

The reciprocal theorem method (r.t.m.), when applied to different spheroids in the unbounded
quiet fluid results in errors of about 0.5% for the translation tensor K and of 1-2% for the
rotation tensor Q. We also compare the data obtained by the r.t.m. with the analytical results
of Oberbeck (see Happel and Brenner 1983; Jeffery 1922; etc.) for prolate spheroids in an
unbounded shear flow for aspect ratios ranging from 0.1 to 0.999999 (see table 1). The errors
for F, and F. are generally less than 1% except for F. for aspect ratio very close to 1, where
the analytical results approach zero faster than the numerical data. For T, the error is no more
than 1.5%.

In table 2 we compare the force F, and the torque 7, acting on a sphere in a shear flow near
a wall with the analytical solution (Goldman et al. 1967b). The error in F, is less than 1% and
in T, is less than 1.5%. The free velocities u and « of inertialess spherical particles, are also
compared in table 2 with the analytical solution of Goldman et al. (1967b). For particle-wall

Table 2. Comparison with the analytical solution of Goldman et al. (1967b) for spherical particles
in a shear flow near a wall. Free translational (¥) and rotational (w) velocities of inertialess
particles. Force (F:) and torque (7} acting on fixed spherical particles

ulas w/s F./6nuasz T, /4nua’s
z/a Numer. Analyt. Numer. Analyt. Numer. Analyt. Numer. Analyt.
1.0453 0.699 0.683 0.350 0.337 1.654 1.668 0.935 0.948
1.1276 0.871 0.865 0.396 0.390 1.603 1.616 0.941 0.954
1.5431 1.425 1.423 0.465 0.462 1.428 1.439 0.961 0.974
2.3524 2.301 2.300 0.492 0.489 1.269 1.278 0.977 0.990
3.7622 3.741 3.741 0.500 0.497 1.159 1.167 0.984 0.997

10.0677 10.064  10.064 0.502 0.500 1.052 1.059 0.987 1.000
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(normalized) gap of 0.0453 the error is 3-4%, but for a gap width of 0.1276 it already reduces to
less than 1.5%. In appendix A we present for the sake of convenience analytical solutions for K, €,
F., F., T,, u, w in an unbounded fluid.

3. RESULTS

3.1. Forces and torques in a shear flow

Lift force. Figure 2 presents the z-component of the force (F.) acting on a particle
perpendicular to the flow direction (lift force). This force is antisymmetric with respect to 8 = n/2,
which may be proven from [la—] by inverting the flow direction or changing s by —s. The
maximum force is attained at the angle § = =/4, similarly to the case of free shear flow (see
[A13]). The influence of the wall proximity is to increase this maximum (see figure 2(b)). However,
this effect depends on the particle aspect ratio and is most pronounced for spheroids with
ajc ~ 0.35. This means that the effect of the wall on F. for 8 = n/4 is weak both for oblong
particles (a/c«1) and for particles whose shape approaches to spherical (a/c ~ 1. This
nonmonotonic dependence of F. upon a/c may be rationalized by noting that spherical particles
experience no lift. On the other hand, with increasing nonsphericity (decreasing a/c) the major
part of the particle extends far from the wall, where almost free shear flow (i.e. undisturbed by
the wall-particle interactions) prevails. Therefore, the wall effect is the strongest for moderate
nonsphericities.

The above conclusion drawn for 8 = n/4 is also valid for other angles, excluding 8 = 0 and /2.
At these angles F. vanishes due to the linearity of the governing equations [1] and geometrical
symmetry with respect to z-axis. As a rule of thumb, the effect of the wall extends to the distance
of about 5-10 shorter axes, beyond which it may be neglected with the error not exceeding 2-5%.

The lift force discussed here is a pure viscous force resulting from the combined effect of particle
nonsphericity and the wall effect. It should not be mixed with other lift forces, arising from the
flow inertia (Saffman 1965).

Drag force F.. An expression for the drag force, which is the component of the viscous force
parallel to the flow direction in the unbounded flow (F7) is given in [A13]. The effect of the wall
is to increase this force with respect to the free shear flow due to no-slip condition imposed on
the wall surface. This may be seen in figure 3, showing the difference AF, = F. — Fy for § = 0. The
latter difference, called here “wall induced drag force™ is less for spheroids (at any orientation) than
for spherical particles. For spherical particles one can calculate AF, using the expression (Faxen
1923; Happel and Brenner 1983):

F, 1 3 _
Fe = T=9¢/(162) + O(c/z)’, (ajc=1),

where F¥ = 6mucsz. The above expression may be used to express

6musc?

B _..9_.—
Fe= FY =16 T 9oc/(162)

+ O(c/z)}, (ajc=1,c/z—0). [19]

The wall induced drag force AF, diminishes with decreasing aspect ratio a/c. This accords with
a similar trend exhibited by the lift force. Generally, with the longer axis ¢ and z/c fixed, the
perturbation which a spheroid exerts on the flow diminishes with decreasing a. Consequently, all
particle-wall hydrodynamic interactions diminish with decreasing particle minor axis.

One striking feature of the wall induced drag force is that it is relatively independent of the
particle distance from the wall. As shown above, this effect is most pronounced for oblong particles.
On the other hand, AF, does not vanish for z/c — oo (see [19]). To rationalize this result, imagine
a spherical particle moving with a speed U in an otherwise stagnant fluid, bounded by a solid wall.
The particle experiences a force F, = 6nucU + AF, where the perturbation AF introduced by the
wall decays as 1/z. In our case we have a particle fixed in a shear flow, i.e. its relative velocity
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Figure 2. (a) Lift force vs orientation angle, z/c = 1.2; (b) lift force vs dimensionless distance,
O/m = — 0.25.

U(z) = sz with respect to the local flow velocity increases proportionally to z. Hence the
perturbation of the force is of order O(1/z)U(z) = O(1) (see [19]).

In close vicinity to the wall z/c — 0, one can use the lubrication theory to show for the sphere
that (Goldman 1967b)

F,— F* =0.7005 x 6rusc* (a/c=1,z/c— 0). 201
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Therefore, the variation with z/c of the wall induced drag force is

FY _ F:C _
0.5625 < omsc < 0.7005 (aj/c=1), [21}

which is less than +11%. This variation gives an upper bound for the comparable quantity of
spheroids.

Torque T,. Figure 4 presents the normalized difference AT, between the torques calculated in
the vicinity of the wall and in the unbounded flow (z/c = o). Clearly, AT, depends on the particle
orientation angle 6. Figure 4(a) shows that for the majority of orientations and aspect ratios the
wall tends to reduce the torque. The effect of the wall on the flow near a spheroid with its longer
axis oriented parallel to the wall (6 = =n/2) is to slow down the flow in the gap between the particle
and the wall, and hence to reduce the viscous friction in “lower” (i.e. facing the wall) side of the
particle. Hence such a particle experiences a larger torque than its counterpart in a free shear flow.

A particle fixed in an upright position (perpendicular to the flow) experiences a torque which
stems form the flow speed up around its surface. The effect of the wall on the flow near a spheroid
fixed in such a position (0 = 0) is to slow down the fluid motion along the particle surface in the
z direction. Hence the speed up of the flow over the upper particle edge is weaker, which results
in the concomitant reduction of the skin friction. Accordingly, such a particle experiences a smaller
torque than T77. These qualitative considerations are confirmed by the data shown in figure 4(b)
for ajc = 0.2. The most dramatic influence of the wall is observed for the smallest distance
z/c = 1.1. For 0 = n/2 the effect of the wall is to increase the torque up to 50%. For intermediate
orientations (about 6/n = 0.3) the above two factors balance each other which results in a weak
z-dependence of T..

The wall effect on the torque is found to diminish with the aspect ratio approaching unity, i.e.
when the particle shape approaches to spherical. This agrees with the results of Goldman (1967b)
who showed that the torque acting on a stationary sphere is almost unaffected by the proximity
of a solid wall. In particular, when the sphere touches the wall, the torque is reduced by about

e/ m=0.
27 © A/C-0.3
a A/C=0.5
:_ Ne. —— e
- & — ., _*+_BR/C-0.7
) x"“"ﬂ(-"'\x\x_\_ x_A/C-0.9
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Y I
S e +
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! A..'A"'A"'A"'A ......... Avenny Ao,
E:: 2—‘ ................... A
6‘9—9-6—6-‘—9. _e.____—_..__o
wn
f\;-
G-8-8-8-5——8—@ a
e
© I 1 1 L
1.0 2.0 3.0 4.0 S.0

z/c
Figure 3. Wall-induced parallel (drag) force, 8 = 0.
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Figure 4. (a) Wall-induced torque vs aspect ratio, z/c = 1.2; (b) wall-induced torque vs distance, a/c = 0.2.

5.6% with respect to its free stream value (4nusc®). At large distances the wall effect for spheres
decays as

T)' - T\x

TR —1—36(0/2)3, z>ec. [22]
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A similar decay rate is also observed for spheroids. This is in contrast to the wall induced drag
force which does not vanish as z — 0.

3.2. Friction coefficients of nonspherical particles in a quiet fluid near a wall

Some of the components of the friction tensor K of spheroidal particles near the wall were
studied by Happel and Brenner (1983) and by Hsu and Ganatos (1989). Analytical results
were obtained for spherical particles by Goldman e al. (1967a, b). Some of these components
are presented in figure 5(a)-(c) for § = 0. One can generally observe that the effect of the wall is
to increase the friction tensor components. Secondly, the wall effect decreases with decreasing
aspect ratio, i.e. spherical particles are mostly influenced by the wall proximity. Both of these
conclusions are consistent with those drawn above for the forces acting on particles fixed in a shear
flow.

Figure 6 presents the ratio K../KZ as a function of the aspect ratio a/c, for z/c = 1.2 and several
orientations. The plot shows a marked z/c-dependence of K../KZ which for nearly spherical
particles a/c = 0.95 and z/c = 1.2 leads to about six-fold increase of the relative force with respect
to the oblong particles of a/c =0.1. On the other hand, the dependence of K../K* on the
orientation angle 0 is weak, which is used in constructing the appropriate correlation (see appendix
B). Note also that for spheres K,. = 0 for all z.

Figure 7 shows the coupling component C,. of the friction tensor. —C,, is the torque (in the
y direction) due to particle translational motion parallel to the wall (in the x-direction) or,
equivalently, the parallel drag force induced by the particle rotation. In the unbounded fluid the
components of the coupling tensor vanish for ellipsoidal particles. This is no longer true near the
wall where they differ from zero, also for spheres (see figure 7(b)). For spheres C., is negative, since
the overall drag on the lower part of the particle (which is closer to the wall) is larger than the
drag on the upper part. This is also true for a spheroid the longer axis of which is perpendicular
to the wall (6 = 0).

The explicit form of C,, is given by (cf. [13b)])

C\'.\‘ = - J (Z/¢\Y - x,(b:)ds,
zp

where z’ = z — zpand x” = x — x, are the coordinates relative to the particle center (x,, z,) and the
quantities ¢y, ¢ are the stress components in x-direction generically defined in [12]. For elongated
spheroids in upright positions (§ = 0) the second term within the integral is small compared with
the first one. The stresses ¢; act in the direction against the particle motion. They are larger on
the side of the particle surface closer to the wall, than on the opposite side. Therefore, the resulting
torque acts clockwise, i.e. C,, < 0.

For a parallel orientation (6 = n/2) C,, of a sufficiently long spheroid is positive, as was observed
by Hsu and Ganatos (1989). At this orientation the term x’¢! is the dominant term in the above
expression for C,.. The quantity ¢! is larger at the particle half surface, which is closer to the wall
than at the opposite half. Moreover, ¢; is positive at the part of the particle surface facing the
flow (front side) and negative at the rear side. All this results in a hydrodynamic torque, which
acts counterclockwise, i.e. C,, < 0.

With decreasing aspect ratio the coupling disappears C,. — 0. This accords with the general effect
that the wall exerts on oblong particles. Namely, with decreasing a/c spheroids behave like in a
free shear flow (see similar conclusions drawn for F. and F,). A competitive influence of the above
tendencies yields the most profound §-dependence of C,, for an intermediate aspect ratio of about
afc = 0.7 at which value the C,.(y) curves exhibit minima for < 0.2n and maxima for 8 > 0.4n
(see figure 7(a)).

Figure 8 shows the coupling component C,. of the friction tensor. —C,. is the torque caused by
particle translation perpendicular to the wall, or the perpendicular lift force arising from particle
rotation. It vanishes for spherical particles for all z and for spheroidal particles far from the wall.
Moreover, for the latter particles C,. = 0 for symmetrical configurations 8 = 0, n/2. For oblique
angles nonzero values of this coefficient stem from the asymmetry of the flow near the particle with
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Figure 6. Tensor coupling x—z component.

respect to its short axis. Indeed, the lower part of the spheroid which is closer to the wall,
experiences larger drag, than the upper part. This results in a torque acting to align the particle
longer axis parallel to the wall. Therefore, a perpendicular orientation (8 = 0) of a spheroid is an
unstable one.

The torque caused by particle approaching the wall decays with increasing aspect ratio, as all
other hydrodynamic interactions of oblong particles. On the other hand C,. = 0 for spheres. A
maximum of this coefficient prevails at a/c & 0.7 (see figure 8). This component causes an unusual
kinematic behavior of inertialess nonspherical particles near the wall, analyzed in the next section.

3.3. Velocities of inertialess particles near the wall

Here, and in the following, we restrict our consideration to 2D particle motion, i.e. to motion
of bodies of revolution whose symmetry axis remains always in the plane x-z. With expressions
[15] and [16] at hand we may now write the equation of motion for a particle suspended in a shear
flow W

du _

m dr = Fk — K,-ku,~ — Cszl)z, k= 1, 3 [233]

d
a‘t (122(02) =T, — Qrnw; — Cuu, [23b]
where the summation is over the dummy index i =1, 3. Here
Fo=— f Wigtdy, Ti= — J Wt dy. [24]
£, zp

Assuming that the particle dimensionless relaxation time is small,

T = ppacs/u«1, [25]
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where p, is the particle density, one obtains that the terms in the r.h.s. of [23] balance each other.
Then one can rewrite [23] in the form

K\‘\' K.\: Cr\' u _ F\»
K. K. C.liw]| | F| (26]
C\'\' C\ : er w T

The matrix in the Lh.s. of [26] is symmetric and positive definite. Therefore, a unique solution for
the velocities is always obtainable. These were calculated numerically for various particle aspect
ratios, orientations and distances from the wall.
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- o o/T-0
= o ® /TT_-O 1
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Figure 7. Rotational-translation y-x coupling tensor component (a) vs aspect ratio; (b) vs distance.
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The wall generally tends to increase the particle hydrodynamic interactions. Therefore, particles
moving in a shear flow near the wall will have lower velocities than the fluid. This effect was
quantified for inertialess neutrally buoyant spherical particles (Goldman et al., 1967b), for which
the translational velocity parallel to the wall surface was calculated in the forms:

% =1- %(6/2)3 + O(c/z)’, z[c— oo, [27a]
u 0.7431
5z 06376 —0200ImGzjc = 1)° ¢ [27b]

Comparable expressions for the angular velocity are:

w 5 N r

52 =1- E(C/Z) + O(c/z)’, z[c— 0, [28a]
2] 0.8436
572 = 06376 —0.200In(zjc — 1y e L [28b]

The above results imply that the particle translation and rotation are retarded by the wall, whereas
its center moves parallel to the wall surface. This is no longer the case for spheroids, which, in
addition to the retardation along the flow direction, acquire near a wall a nonzero (lift) velocity
component w perpendicular to the wall surface (see figure 9). Unlike the comparable situation in
a free shear flow, near the wall translational and rotational motions of spheroidal particles are
coupled. This coupling stems from the asymmetry of the flow field prevailing near the spheroid,
which results in a vertical (i.e. perpendicular to the wall) motion.

The lift velocity arises from the vertical force F. and the resistance tensor components X..C,.,
shown in figure 8. The lift velocity is an antisymmetric function of 6 with respect to § = =/2. It
vanishes in all symmetrical configurations (@ = 0, n/2) and far from the wall. It reaches a maximum
at about 6 = 0.15#z (see figure 9(a)), where the asymmetry of the flow field near the particle is the
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largest. The quantities F., K., C,. vanish for the spherical form (ajc = 1) and so does the lift
velocity (see figure 9(a)). In the opposite limite of oblong particles {a/c — 0) the above three

quantities approach their unbounded values (see figure 9(b)), thus allowing the only possible
solution w = 0 of [26].
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Figure 9. Perpendicular (lift) velocity of inertialess spheroid in a shear flow (a) vs orientation angle; (b)
vs aspect ratio.
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Figure 10. Parallel velocity of inertialess particles vs orientation angle.

Figure 10 presents the normalized horizontal (parallel to the wall) particle velocity
component u. One can observe the retardation (¥ < sz), which effect depends weakly on the
orientation. It becomes less pronounced with the particle shape deviating from spherical
(decreasing a/c), similarly to the behavior of w. This means that the oblong particles succeed
to catch up with the flow. In particular, spheroids with a/c = 0.1 travel horizontally almost with
the local fluid velocity. For z/c > 2 the effect of the wall on u amounts to less than 5% for
all aspect ratios.

The velocity components u, w both characterize particle drift with respect to the fluid. The effect
of orientation on both of these velocity components is shown in figure 11 which presents the vertical
velocity w vs the horizontal retardation velocity # — sz for z/c = 1.2. The different points on the
loop-like curves correspond to different angles ranging between 0 and n. The shift along the
horizontal axis in figure 11 from the origin represents the retardation effect. The extensions of the
loops along the vertical axes quantify the lift velocity. Clearly the loops plotted for long particles
(a/c = 0.1) are located about the origin (0,0), since they move with a horizontal velocity close to
the flow speed and with vanishing lift velocity. Loops for spherical particles degenerate to points
(#]ae=1 — sz, 0) (not shown in figure 11), since in this case the velocity is orientation-independent.
As z/c — oo all loops shrink to the origin, since there w = 0 and u = sz.

Angular velocity. Figure 12 depicts the particle angular velocity w vs the aspect ratio. One can
see that the wall weakly affects particle rotation (see figure 12(a)). This is especially true for oblong
particles, the motion of which is less influenced by the wall. The retardation effect becomes more
pronounced with increasing a/c, and is the strongest for spheres, where the deviation from the free
stream angular velocity is still less than about 20%.

For spherical particles w = const, i.e. angle-independent. This is no longer true for spheroids,
which rotate faster in the perpendicular configuration (6 = 0), since at this point the torque is
maximal and the resistance tensor component €2, is minimal. The opposite is valid for the parallel
configuration (6 = n/2), where, therefore, the rotation is the slowest. The angular velocity
variations increase with decreasing a/c.

The above a/c-dependence results in the following interesting phenomenon: for each distance
there exists an angle 6*, for which «w does not depend on the particle shape. Clearly, for
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z — o0 0* = /4. With approaching the wall 6* is almost unchanged (increases by about 10%; see
figure 12(b)).

An intertialess nonspherical particle in an unbounded shear flow rotates while moving along the
streamlines with the rotational period T (Jeffery 1922; see [A22]). In contrast, a comparable
particle released in a shear flow near a wall will rotate and move both parallel and perpendicular
to the wall. As an integral measure of the particle angular velocity near a wall introduce a period
T by integrating 1/w over all orientations, at a fixed point, i.e.

T(z/c, afc) = rﬂ w (z/c,alc, 6)dO. [29]

Clearly, far from the wall this definition yields 7. In fact, the particle will not only rotate with
the above period, but also change its distance from the wall, which will obviously yield a rotational
period which differs from 7. On the other hand, if the particle center is held at z/¢ = const it will
not perform free rotation, since one has to apply an external force and torque to keep it moving
along the streamline. Nevertheless, we will compare the above quantity with T in order to
characterize the cumulative effect of the wall on the particle rotation.

Since the wall slows down the particle rotation the period T increases with decreasing z/c. Far
from the wall, 7> strongly depends on the aspect ratio a/c and tends to infinity for oblong particles
(as a/c — 0, see {A22]). This is due to the fact that a long particle aligned with the flow direction
rotates very slowly (wly-.2— 0 as a/c — 0; see [A19]). Figure 13 presents the ratio 7/T* of the
rotational periods: one in the presence of the wall to the one calculated far from the wall, vs distance
for various aspect ratios. For z/c > 1.5 the wall effect amounts to less than 5%. The wall exerts
the strongest influence on those particles whose shape is close to spherical; at z/c = 1.2 it constitutes
about 25%.

The above conclusions concern the value of the period relative to its unbounded free shear
counterpart. Calculations show that particles with a/c¢ = 0.8 have the shorter absolute rotational
periods and those with a/c = 0.1 have the longest period.
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These results serve as an indication that the frue rotational periods of oblong particles, i.e. those
accompanied by particle motion perpendicular to the wall, will also be larger than 7. If the lift
velocity w causing this perpendicular motion vanishes in the limit of very long particles, their period
T, as defined in [29], has a clear physical meaning. Namely it is the true rotational period of an

(oblong) spheroidal particle, the center of which freely moves along a streamline parallel to the
wall.
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4. CONCLUSIONS

The forces and torques acting on spheroidal particles near the wall can be rationalized by
comparing them with the interactions of:

(1) spheres near the wall,

(ii) spheroids far from the wall.

Comparison with the data for spheres yields that the effect of the wall on the forces and torques
and the corresponding component of the friction tensor decrease when particle shape deviates from
spherical. The wall effect on all interactions of needle-like oblong particles is small. For oblique
angles of attack the wall effect on these particles is localized on their (small) portions, which are
closest to the wall surface. The flow around the particle part which protrudes far from the wall
is actually unaffected by its presence.

The effect of the wall leads to appearance of several viscous interactions which do not exist for
spherical particles (i.e. the coupling components C,,, C,. of the friction tensor). On the other hand,
for very small aspect ratios (oblong particles) these interactions disappear, in accordance with the
above conclusion. These interactions reach their maxima for intermediate aspect ratios, of order
0.7-0.8.

The tensor coefficients K.., K.,, K.. and Q,,, as well as the lift, F. and the drag, F., forces near
the wall, depend on 6 in the same manner as their corresponding unbounded fluid counterparts.
This allowed development of relatively simple correlations for the above quantities in wide ranges
of the dimensionless distance from the wall, orientation angle and aspect ratio (see appendix B).
These formulae may be used in various applications for calculating trajectories of nonspherical
particles experiencing hydrodynamic interactions with a solid wall.

The forces calculated for spheroidal particles in a shear flow were used to calculate their
translational and rotational velocities in circumstances where the particle characteristic relaxation
time is small (inertia-free particles). It is known that the wall tends to retard a spherical particle
translating parallel to the wall surface. It was found that for nonspherical particles this retgardation
velocity is almost independent of orientation. The retardation velocity diminishes with decreasing
aspect ratio and is negligible for spheroids with a/c = 0.1.

In contrast with spheres, spheroidal particles placed in a shear flow near a wall acquire a nonzero
lift velocity, w, which is perpendicular to the streamlines. It vanishes far from the wall and also
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in the two extremes of spherical and needle-like particles. The maximum value of w prevails at
intermediate aspect ratios a/c ~ 0.45. Since w vanishes for oblong particles, they will rotate in a
shear flow near a wall without drifting between the streamlines.

The effect of the wall is to diminish the particle angular velocity (retard its rotational motion),
with the strongest effect prevailing for spherical particles. The influence of the increasing particle
nonsphericity (decreasing a/c) is to diminish this rotational retardation. Therefore, a nonspherical
particle immersed in a shear flow near a wall rotates more slowly than it will in a free shear flow.
On the other hand, of all spheroidal particles with the same longer axis rotating near the wall, the
particle with a/c ~ 0.9 exhibits the highest absolute rotation rate.
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APPENDIX A

Forces and Velocities of Ellipsoidal Particles in an Unbounded Shear Flow

Here we summarize results for the hydrodynamic forces and torques acting on prolate spheroids
in an unbounded shear flow, as well as velocities of inertialess particles.
First we will refer to a spheroid, described by the equation

™

R
a2+b2 2_1’ [Al]

[

whose symmetry axis is parallel to the z-axis, which have a = b, ¢/a > 1. Define the following
parameters

L =2 ac In c+J—a
L= @—=ayY e— Ja_gp|

The diagonal elements of the translational resistance tensor K are (Happel and Brenner 1983):

2 2
lonua’c K. = lémua’c [A2]

K\:\- = Kr_r - P T+ P =z P T cz,y s

and the off-diagonal elements of K are zero.
The diagonal elements of the rotation tensor are

_~ _ lémnudc a*+ ¢ _ l6nud’c
Q,\‘.\' - Q,l'_\' - 3 aza + Cz')) k) oz T 3a . [A3]

A stationary ellipsoid in a Stokes flow experiences the force (Happel and Brenner 1983):

— . _1. 2 i 4 __1~ 2n
F—K[uo+3!(Du)o+5!(Du)o+ +(2n+1)!(D u), + , [A4]
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where the subscript o refers to the center of the ellipsoid and D? is a differential operator

0’ 0? 0’
2 2 2 2
D—aax2+aay2+cazz. [AS]

The torque, acting on a stationary ellipsoid relative to its center o (Happel and Brenner 1983) is:
3 ., 313 .,
T, = Q- (<>><u)0+—5—!-(D<>xu)(,+7(D<>><u)o+--- , [A6]

where Q is a diagonal tensor

Q\',\‘ . %
a2+ Ty (A7)

Q.\:\' - Q,ry =

and { is a vector differential operator

el iwlied
O =i (3x+l-"a ay-{-l,.c a7

[Ag]
For a shear flow only the first terms in [A4] and [A6] differ from zero.

Consider now an ellipsoid whose axis of symmetry lies in the (x, z) plane and forms an angle
0 with the positive direction of the z-axis (see figure 1). Denoting the body-fixed coordinates by ’,
and defining the orientation transition matrix M

cos 0 — sin 6
0 0 ’

1
M= 1
sinf 0 cos@

[A9]

one has the following transformations between the body-fixed and laboratory frame coordinates
w=Muy K=M'KM Q=M'QM. [A10]

Specifically, we will have for K

K. cos’f + K.sin’6 0 {(KL — K,)sin 20

K= 0 K/, 0 ’ [ALl]
WK.—K.)sin20 0 K sin?@ + K. cos?
with K{., K. given by [A2]. Therefore, the force acting on the spheroid in a shear flow
sz
il [A12)
0
is obtained from [A4], [A11], [A12] in the form:
’ 2 ’ in2
F= K. cos’8 + K. sin’ § 5z [A13]

0
%(K:’: e K\/\ )Sln 29



178 E. GAVZE and M. SHAPIRO

The transformation of € is the same as for K (see [A11]). In the present case the only term of
interest is Q,, which remains unchanged. The torque in the space frame is:

To = M'Q' (O x Mu) = M-(Q" x &) Mu. [A14]

One can further calculate

0 0
—Quct5sS  —QLb? =
0 ; 0z 2 65 [Al5]
7 r o s 2 Y _ ’ v
Q X <> = erc oz’ 0 Q,»"-a ox
0 0
_0n L el
Q::b ay/ Q::a ax/ 0
The shear flow [A12] is transformed to
Mu= (% Cgsg . [A16]
sz sin 60
oz . 0z 0z
5)7—M13— —sin 0, W—Mzz——(), E;—MB—COSB. [A17]

After substituting the above formulae in [A14] we obtain the following expressions for the torque
in the space frame

0
=9 Q. (c*cos’ 0 + a’sin’ 0) |
0

T, [A18]

The velocities of inertialess particles are determined from [21]. For ellipsoids in an unbounded fluid
the coupling tensor is zero. Substitution of [A11], [A13] and [A18] in [21] yields

z

u 0 [A19]
Wl =51 ¢cos?f + a’sin’ 0
w CZ + a2
One can see that at 8 = + n/4 w = 1/2 for all values of the aspect ratio a/c.
Upon substitution w = d@/d¢, one obtains from [A19] the following equation for 6:
d2o) 1 —y?
r Tl s|:<l +1 e cos(26) |, [A20]
which subject to the initial condition 6(0) = 0 possesses the solution:
6(1) = arctan 1 tan( s L . [A21]
b L+
One can see that the above is a periodic function with period
. 2n 1
T* = P (y+y>, [A22]

which clearly reproduces the result of Jeffrey (1922) (see also Hinch and Leal 1979).
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APPENDIX B

Correlation Formulae for Forces and Resistance Tensor Components

On the basis of the analyses of results, we propose simple analytical approximations for
the various components, obtained by the regression analyses. For brevity we denote
y=al/c and Z=z/c. The accuracy of the proposed formulae is evaluated by comparing
approximate analytical, (f) and calculated numerical value (f) of the corresponding
components. Explicitly, two types of errors are calculated: The integral error (based on the L,
norm)

Exf)= [f [f(x) = f(0)F d){| l:f /)P dXJ- / [BI]
and the maximal error E,:

[0 = 7|

E.(f)= max )

ag<xsh

[B2]

Perpendicular (lift) force component F.

Analysis of the numerical data shows that the ratio F./FZ* is almost independent of 6. This
suggests an approximation

o 0.43 + 1.53y  0.66y
=l = +== (B3]
which is valid for 0.1 < a/c < 0.9 with errors E, = 0.009 and E, = 0.09.
Parallel (drag) force F,
We will approximate F, in the form:
L—Q(' Jeos 280 + R(Z,y) [B4]
ﬂCSZ - 2, V Z, / .

In view of [28] @ vanish as y — 1, so that R(Z, 1) represents the force acting on a sphere. The
following approximations are sought for these two functions:

QG 7) = (@ + by + ) + 1 (@ + by + ), [BSa]

RG,7) = @+ ey +fir) + 3 (@ + ey + ) [B5b)

Table Bl shows least square approximations for the coefficients appearing in [B5a, b].

Table Bl. Computed values of the coefficients in [B5a, b] for 1.1 < Z < 10
a; bi i di e fi E, E,

1.158 —0.237 —0971 4.627 15.91 —2.193  0.005 0.03
0.235 2702 —2091 0.643 5.960 6.295  0.005 0.03

o —
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One can see that the least squares method indeed yields Q(Z, 1) indeed close to zero. In table

B2 we compare the values of R(Z, 1) with our computed results for a sphere.
the approximated and

Table B2. Comparison between
computed values of F./ucsz for a sphere

z 1.1 1.2 1.5 2 3 S 10

F.jpcSz 30.54 29.49 27.19 2493 2272 21.03 19.84

R ) 30.07 29.09 26.94 24.79 22.64 20.92 19.63

TorqueT,
The approximation is sought in the form
(Bo]

T, —Tr L
e e = {[ay + by” + cy? sin(ny)]cos 20 + [d: + ey + fiy*]}.

The regression and the E, are presented in table B3 for 1.1 < Z < 10. The E, error is not given

since it becomes infinite in cases where 7, — T, vanishes at § = 0.3n

Table B3. The regression coefficient and the error for (7, — T} )/usc?
a b ¢ d; e; f Es
i=1 =311 3.04 —1.34 —0.056 -0.261 0.444 0.033
i=2 0488 —0432 0.784 - 0.069 0.272 —1.016

Friction coefficient K.
An approximation is sought in the form
(B7]

d d 1 ‘
C 4+ 5+ ey + A7

=1

K—2~?[G+b”y‘+(”}’2]00520+d1 +?+?+?

Table B4 shows the regression coefficients and the error for the three domains: 1.1 <y < 0.95,
0<0<05mand 1.1 £2<10,12<7<10,13<z2<10.
Table B4. The regression coefficients and errors for K../KZ*

a b ¢ d > d} € f E, E.
L1<Z2<10 —0.195 0.611 0.030 1.120 —0.403 1.068 0.437 4.523 0.07 0.40
12<:2<10 —0.178  0.397 —0.034 1.069 0.035 0.389 1.389 2.999 0.03 0.24
13210 —0.171  0.242 0.034 1.046 0245  0.030 1.867 2.273 0.02 0.16

Friction coefficient K..
We look for an approximation in the form
(B8]

Ko 1aE) + b)) + cGylcos 20 + d(Z) + e(Z)y + fEW

Kx
For the domain 1.1 €y <0.95, 1.1 €< 10, 0 < 6 < 0.57 the following approximation is found

by the least squares fit:
—_ 2 —_ 2
K.. _0.061 + 0.3;21)1 0.338y 0520 + 1.012 + 0.22_55 n 0.178 + 0.;3258)1 + 0.303y . [B9]

Ky
The accuracy of this approximation is characterized by the integral error E, = 0.011 and the

maximum error E, = 0.061. Of 742 points used only at 16 the error exceeded 0.05. These points
were all located at Z=1.1,0<0 < n/4 and 0.3 <y <0.95.
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Friction coefficient K,;
The ratio K../K7 is approximated by

Ilgx ~ %[a + by + cy*Jcos(20) + di + % + % (ds + ey + f’l. [B10]

Xz

The regression coefficients and the errors for the domains 0.1 <y < 0.95, 0.057 < 6 < 0.45n,
1.1 <2< 10 and 1.2 € Z < 10 are given in table BS.

Formula [B10] is not valid for orientations 6 = 0 and 6 = =n/2 since at these angles K2 = 0. For
both cases, the largest errors are restricted to a few points only.

Table BS. The regression coefficients and errors for K../K}

a b c d > ds e f E, E,
LI<Z<10 —0.086 0.725 — 0307 1.083 0.299 0.124 2718 3.469 0.04 0.42
127510 —-0.129 0852 —0659 1.056 0.535 —0.234  3.045 2911 0.02 0.14

Friction coefficient Q,,

This can be approximated in the form
Q, d  dit+ey+ [’
7 '

oa~di+ <+
z

o [B11]

The values of the regression coefficients and the errors in the domain 0.1 <y <0950 < 0 < xn/2
1.1 €2 < 10 are given in table B6.

Table B6. Regression coefficients and errors for Q,,/Q;;

d d ds e f E; E.

1.012 —0.137  0.264 0.116 0.054 0.007 0.11

Coupling coefficient C,,
We seek an approximation for C,, in the form
Cr\‘

w1 2 s
- [ay + by? + cy*]cos(20) + i;

d; 1
=t e A7) [B12]

The approximation may be used in different regions, namely in 1.2 € Z < 1.6 (with n = 3) and in
1.6 < 2 < 10 (with n = 2).

The values of the regression coefficients and the error E, are given in table B7. The error E.
may not be given since it becomes infinitely large when C,. = 0.

Table B7. Regression coefficients and errors for C,.

a b c d d> ds ds e f E,
12216 —391 —-143 503 290 —13.49 2127 —1143 -1.08 —0.13 0.07
l6<2<10 —265 —-0.118 269 —0.011 0.142 —0.366 — — 0424 0.209 0.08

Coupling coefficient C,.
This coefficient was approximated by:

% ~ {[a"® + (b + e)sin(my)lsin(20) + diy? sin(my)sin(40)) 3

+ {[a:y"? + (b2 + e2y?)sin(zmy)]sin(20) + dyy? sin(my)sin(40)} % . [B13]
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The regression coefficients and the error E, are given in table BS.
It may be clearly seen that the second harmonic sin(46) has a small weight in the approximation

for Z > 1.6.

Table B8. Regression coefficients and the error for C.,

Range a b dl d a bs & d E,
122516 —4.61 462 —10.20 —4.55 7.97 — 547 23.47 7.32 0.05
1L6<z<10 0.016 1.16 0.767 —0.165 0.785 —0.105 5.834  0.483 0.03




